INTRODUCTION
It is well known that the Dirac equation on a discrete lattice in D dimension has 2O degenerate solutions. The usual method of removing these spurious solutions encounters difficulties with chiral symmetry when the lattice spacing f 2 # 0, as demonstrated by the persistent problem of pion and kaon masses.
On the other hand, we recall that in any crystal in nature, all the electrons do move in a lattice and satisfy the Dirac equation; yet there is not a single physical result that has ever been entangled with a spurious fermion solutions. Therefore it should not be difficult to eliminate these unphysical elements.
On a discrete lattice, particles hop from point to point, whereas in a real crystal the lattice structure is embedded in a continuum and electrons move continuously from lattice cell to lattice cell. In a discrete system, the lattice function are defined only on individual points (or links, as in the case of gauge fields). However, in a crystal the electron state vector is represented by the Bloch wave functions which are continuous functions in F, and herein lies one of the essential differences.
In this new approach [1][2] we shall expand the field operator in terms of suitably chosen complete set of orthonormal Bloch functions where I ? denotes the Bloch wavenumber restricted to the Brillouin zone, and n labels the different bands. Thus, e-iR'Pfn(l? I 3 has the periodicity of the lattice. The lattice approximation is then derived by either restricting it to only one band (say, n = 0), or to a few appropriately defined low-lying bands. Since the inclusion of all band is the original continuum problem, there is a natural connection between the lattice and the continuum in this method. By including the contributions due to more and more bands, one can systematically arrive at the exact continuum solution from the lattice approximation, as we shall see. There is a large degrees of freedom in choosing the Block functions (l), as the original continuum theory has no crystal structure. These extra degrees of freedom are analogous to gauge fixing; the final answer to the continuum problem is independent of the particular choice of Bloch functions.
SPURIOUS LATTICE FERMION SOLUTIONS
To see the origin of the spurious lattice fermion solutions, we may consider the replacement of the continuum equation -ia$/ax = pll, by its discrete form in one space dimension:
where $ j is the value of $ at j t h site. The lattice-eigenvalue p~ is given by
is between -T and T. The spurious solution refers to the zero (pL(8) = 0) at 8 = T (which is the same as 8 = -T). This is a special case of the NielsenNinomiya theorem [3].
Elimination of Spurious Lattice Fermion Solutions
We expand the continuum wave function $(x) in terms of ( with K given by (4) and m = -..,-1,0,1,... .
In Fig. 1 , the abscissa is 8/n = K e / n , the solid line gives the exact continuum value p e / n and the different segments correspond to m = -1,O, 1. The dashed line segments, in Fig. la are the corresponding &/n defined by (13). For I n I> 1 , each fin deviates from the exact continuum result (16) within < 1%. For I n 1 5 1, we see that BO and p-1 are both 0 at 8 = n; likewise PO and ,& are both 0 at 8 = --A. Thus, the spurious solutions also extend to n = fl bands. This additional unwanted degeneracy makes it easy to remove all spurious solutions, as we shall see.
Because fo(K I x) and f l ( K I z) are not eigenfunctions of -id/dx, the degeneracy between PO and p-1 at 8 = n can be removed by considering the off-diagonal elements of -id/ax. At 9 = n-E where E is a positive infinitesimal, we may consider only two bands, n = 0 and -1; in this subspace the operator -idlax becomes the following 2 x 2 matrix:
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As E + 0, its eigenvalues are Similar considerations apply to 8 = -T by taking into account the coupling between n = 0 and n = 1 bands. Thus, by taking into account only n = 0 and f l , we have removed all spurious zero-mode solutions and, and in addition, the result differs from the exact continuum value by less than a few tenths of a percent for the entire range, see Fig. lb. 
LUMP FUNCTIONS
The function A(x), introduced in the zeroth-band approximation above is a special case of a general class of functions which we call lump functions. They are defined by To construct zeroth-band Bloch functions in the Coulomb gauge, we define e. 
at all continuum r'for the polarization index r = 1 or 2. The gauge field operator, in the zeroth-band approximation, is
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The Coulomb gauge condition 9 -Am is satisfied everywhere. It is straightforward to generalize (11) for the construction of the higher-band Bloch functions by using Fourier series and the zeroth-band function given above. In our formulation, the zeroth-band approximation is the noncompact lattice QCD, whose Hamiltonian H has exactly the same continuum form derived by Christ and Lee [5] in Coulomb gauge, except for the replacement of the gauge field operators, its conjugate momenta, and the bare coupling constant in the continuum with the corresponding lattice operators and lattice coupling constant.
